The observation of charged lepton flavor non-conservation would be a clear signature of physics beyond the Standard Model. In particular, supersymmetric (SUSY) models introduce mixings in the sneutrino and the charged slepton sectors which could imply flavor-changing processes at rates accessible to upcoming experiments. In this paper we analyze the possibility to observe Z → ℓ I ℓ J in the GigaZ option of DESY TESLA. We show that although models with SUSY masses above the current limits could predict a branching ratio BR(Z → µe) accessible to the experiment, they would imply an unobserved rate of µ → eγ and thus are excluded. In contrast, if GigaZ reaches its best projected sensitivity it could observe Z → τ e; τ µ consistently with present bounds on τ → eγ; µγ. We update the limits from ℓ J → ℓ I γ on the slepton mass insertions δ LL,RR,LR and discuss the correlation between flavor changing and g µ − 2 in SUSY models.
Introduction
Lepton flavor violation (LFV) has been searched in several experiments. The current status in µ and τ decays is BR(µ → eγ) < 1.2 × 10 −11 [1] , BR(τ → eγ) < 2.7 × 10 −6 [2] , BR(τ → µγ) < 1.1 × 10 −6 [3] ,
and BR(µ → 3e) < 1.0 × 10 −12 [4] , BR(τ → 3e) < 2.9 × 10 −6 [5] , BR(τ → 3µ) < 1.9 × 10 −6 [5] .
In Z decays we have BR(Z → µe) < 1.7 × 10 −6
[6] , BR(Z → τ e) < 9.8 × 10 −6 [6] , BR(Z → τ µ) < 1.2 × 10 −5 [7] .
These observations are obviously in agreement with the Standard Model (SM), where lepton flavor number is (perturbatively) conserved.
On the other hand, neutrino oscillations are a first evidence of LFV. Small neutrino masses and mixings of order one suggest the existence of a new scale around 10 12 GeV [8] . Massive neutrinos could be naturally accommodated within the SM (the so called νSM). The contributions from the light neutrino sector to other LFV processes, however, would be very small: BR(ℓ J → ℓ I γ) < ∼ 10 −48 and BR(Z → ℓ I ℓ J ) < ∼ 10 −54 [9] . In consequence, any experimental signature of LFV in the charged sector would be a clear signature of nonstandard physics.
In this paper we will study the implications of supersymmetry (SUSY) on Z → ℓ I ℓ J . 1 The GigaZ option of the TESLA Linear Collider project [11] could reduce the LEP bounds down to [12] BR(Z → µe) < 2.0 × 10 −9 , BR(Z → τ e) < κ × 6.5 × 10 −8 ,
with κ = 0.2 − 1.0. We will here explore the possibility that SUSY provides a signal accessible to GigaZ in consistency with current bounds from BR(ℓ J → ℓ I γ). Note that in SUSY models the branching ratio BR(ℓ J → 3ℓ I ) ≈ α em BR(ℓ J → ℓ I γ) will place weaker bounds on SUSY parameters (see Eqs.
(1,2)) The conversion rate µ → e on Ti gives also weaker bounds at current experiments, although this may change in the future (see [13] for a recent review).
We will concentrate on the minimal SUSY extension of the SM (MSSM) with R-parity and general soft SUSY-breaking terms. Related works on LFV in Z decays in SUSY models study the MSSM [14] and a left-right SUSY model [15] . Several groups have analyzed other LFV processes in SUSY grand unified models with massive neutrinos (motivated by the atmospheric and solar neutrino anomalies [16] ), or with R-parity violation [17] . There are also studies [18, 19] relating LFV Z decays with other processes. Direct signals of lepton flavour nonconservation in slepton production at the LHC [20] and at future e + e − or µ + µ − colliders [21] have been also explored.
Other works on LFV Z decays in alternative models include the SM with massive Dirac or Majorana neutrinos [9, 22] , left-right symmetric models [23] , models with a heavy Z ′ boson [24] , two Higgs doublet models (2HDMs) [25] or technicolor [26] .
Calculation
The most general vertex Vl I ℓ J coupling a (lepton) fermion current to a vector boson can be parametrized in terms of four form factors:
where ε V is the polarization vector (ε V · q = 0) and q = p 2 − p 1 is the momentum transfer.
For an on-shell (massless) photon F A = 0, and, in addition, if m I = m J then F V = 0. This implies that the flavor-changing process ℓ J → ℓ I γ is determined by (chirality flipping) dipole transitions only. In contrast, all form factors contribute to the decay of a Z boson:
We calculate (see Appendices A and B for details) these branching ratios in the MSSM.
Let us consider the case with two lepton families. Since SUSY is broken, fermion and scalar mass matrices will be diagonalized by different rotations in flavor space. After the diagonalization of the fermion sector we are left with a 2 × 2 scalar matrix with 3 arbitrary parameters. We will assume that the rotation that diagonalizes the scalar matrix is maximal, θ = π/4 (i.e. we assume no alignment between fermion and scalar fields). We then parametrize [27] the two mass eigenvaluesm 
In this parametrizationm 2 characterizes the SUSY-breaking scale and δ the mass splitting between the two families. δ is also responsible for any flavor-changing process: δ = 0 corresponds to the flavor-conserving case, δ ≪ 1 can be treated as a non-diagonal mass insertion, 2 → ∞ (a decoupled second family). The last case implies a maximum flavor-changing rate [14, 15] .
In the analysis of Z → ℓ I ℓ J and ℓ J → ℓ I γ we will neglect the slepton mixing with a third family, which reduces the problem to the two family case above. The relevant parameters for the calculation will then be the masses and mixings of charginos and neutralinos; the masses and mixings of the four ('left' and 'right' handed) charged sleptons; and the masses and mixings of the the two sneutrinos. In addition, we will separate the contribution of each δ IJ by setting all the other to zero. Then, the mixing parameters in the sneutrino sector are just δν In our analysis we will not assume any relation between slepton masses. For each non-zero choice of δ IJ it is straightforward to obtain and diagonalize the mass matrix that corresponds to a maximal rotation angle (see Appendix B). Our results should coincide with the ones obtained in the limit of small mass difference using the mass insertion method, but they are also valid for any large value of δ IJ .
The process Z → ℓ I ℓ J goes through the diagrams in Fig. 1 . Analogous diagrams describe ℓ J → ℓ I γ. The inclusion of the contributions of the third type is essential to cancel ultraviolet divergences (they are related to counterterms by Ward identities). Diagrams with neutralinos in (A) or sneutrinos in (B) do not couple to the photon. The diagrams of type (C) do not give dipole contributions. Due to the weaker experimental bounds (in Table 1 ) on sneutrino masses, the dominant contributions to Z → ℓ I ℓ J will come from the diagrams mediated by chargino-sneutrino (see Fig. 2 ). Note that sneutrino masses can be substantially lighter than charged slepton masses for large tan β and light SUSY-breaking masses,
which tends to increase the maximum relative contribution of chargino-sneutrino diagrams.
We would like to emphasize that our results will depend on contributions with opposite signs that often cancel when varying a parameter. For example, one would expect that the process Z → ℓ I ℓ J is optimized for light slepton masses. However, we observe frequently the opposite effect. Its branching ratio can increase by raising the mass of the sleptons up to values of 500 GeV, and only at masses above 1 − 2 TeV the asymptotic regime is reached (see Fig. 2 ). These cancellations give a one or two orders of magnitude uncertainty to any naive estimate, and underline the need for a complete calculation like the one presented here.
We give in Fig. 3 the dominant diagrams in terms of gauginos, current eigenstates and mass insertions, specifying the chirality of the external fermion. All the diagrams contributing to ℓ J → ℓ I γ except for the last one grow with tan β. 
Results
Let us consider the process Z → ℓ I ℓ J uncorrelated from other LFV processes. For SUSY masses above the current limits it is possible to have Z → µe; τ e; τ µ at the reach of GigaZ. The maximun rate is obtained when the second sleptonl J is very heavy (i.e. δ IJ → ∞). The largest contribution comes from virtual sneutrino-chargino diagrams (all other contributions are at least one order of magnitude smaller). It gives BR(Z → ℓ I ℓ J ) from 2.5 × 10 −8 for tan β = 2 to 7.5 × 10 −8 for tan β = 50, practically independent of the lepton masses. The variation is due to the mild dependence of chargino and sneutrino masses on tan β. These branching ratios are above the values given in Eq. (4). We find that a branching ratio larger than 2 × 10 −9 (2 × 10 −8 ) can be obtained with sneutrino masses of up to 305 GeV (85 GeV) and chargino masses of up to 270 GeV (105 GeV).
Most of these values of BR(Z → ℓ I ℓ J ), however, are correlated with an experimentally excluded rate of ℓ J → ℓ I γ. In particular, after scanning for all the parameters in the model we find that BR(µ → eγ) < 1.2 × 10 −11 implies BR(Z → µe) < 1.5 × 10 −10 , which is below the reach of GigaZ.
A more promising result is obtained for the processes involving the τ lepton. It turns out (see also next Section) that the bounds from τ → eγ; µγ can be avoided while still keeping a rate of Z → τ e; τ µ at the reach of the best GigaZ projection (see Fig. 4 ). In particular, for large δν 13, 23 LL and a light sneutrino (of around 70 GeV) we get BR(Z → τ e) ≈ BR(Z → τ µ) ≈ 1.6 × 10
−8 (two orders of magnitude below current limits!). This result is due to the sneutrino-chargino diagram. The contributions due to charged slepton mixing are essentially different in the sense that they saturate the experimental bound to τ → eγ; µγ giving a small effect (at most, one order of magnitude below the reach of GigaZ) in Z → τ e; τ µ. We obtain events at the reach of GigaZ with lightest sneutrino masses from 55 to 215 GeV, lightest chargino from 75 to 100 GeV, and tan β up to 7.
Bounds on
The bounds on the mass insertions δ IJ establish how severe is the flavor problem in the lepton sector of the MSSM. We will update them here, including in our work the calculation of the sneutrino-chargino contributions neglected in previous works [27] .
The limits come exclusively from the process ℓ J → ℓ I γ. To estimate the MSSM prediction we combine low and high values of the relevant parameters: tan β = 2; 50, ml = 100; 500 GeV, and the gaugino and higgsino mass parameters M 2 = 150; 500 GeV and µ = ±150; ±500 GeV.
In Table 2 we include the bounds from µ → eγ to δν implies a 1% degeneracy between the two slepton masses. We observe that the degeneracy between the selectron and the smuon is required even for large SUSY masses, and it must be stronger if tan β is large, as expected from the diagrams in Fig. 3 . The small values of δl 12 LR , around 10 −6 , imply just that the scalar trilinears, usually assumed proportional to the Yukawa couplings, are small. Particularly weak bounds on the δ's (bold faced in Table 2 ) are obtained when approaching a dip of the curves in Fig. 2 . This occurs for certain values of the SUSY parameters due to cancellations of the contributions of the various particles running in the loops.
The experimental bounds on the mass insertions involving the third family are much weaker. In particular, for small tan β we find no bounds on any δ I3 (except for δl 
Lepton flavor violation and g µ − 2
Finally we would like to comment on the relation between µ → eγ and the muon anomalous magnetic dipole moment.
2 A g µ − 2 correction would be generated by the diagrams in We plot in Fig. 5 the value of a µ = (g µ −2)/2 for the SUSY parameters in the region accessible to GigaZ not excluded by τ → µγ, taking for simplicity equal soft-breaking terms m L = m R (they would not very different, for example, assuming left-right unification at the GUT scale). We obtain, in agreement with [30] , positive or negative contributions correlated with the sign of the Higgsino mass parameter µ and similar in size to the weak corrections. The recently revised SM prediction [31] , a Table 2 . Low values of tan β and positive values of µ are preferred by g µ − 2, which implies less stringent bounds on the δ insertions parametrizing the flavor-changing lepton decays.
Conclusions
SUSY models introduce LFV corrections which are proportional to slepton mass squared differences. We have shown that the non-observation of µ → eγ implies around a 5% degeneracy between the masses of the sleptons in the first two families. Moreover, once this degeneracy is imposed, the rate of Z → µe is below the limits to be explored at GigaZ. The degeneracy between the lightest slepton families could be justified by the weakness of its Yukawa couplings, but this would not be the case for the third family.
We have shown that the current bounds on τ → eγ; µγ introduce only weak constraints on the SUSY-breaking parameters: there is no flavor problem for the third lepton family. If the GigaZ option of TESLA reaches its best projected sensitivity, it could observe Z → τ e; τ µ coming from the virtual exchange of wino-sneutrino.
A Generic expressions at one loop for Zl I ℓ J
A.1 Feynman rules in terms of generic vertex couplings
Let f be a fermion, φ a scalar field and P R,L = (1 ± γ 5 )/2. The Feynman rules for the three vertex topologies needed are:
A.2 Invariant amplitude
The most general invariant amplitude for on-shell external legs is
Let us introduce the squared mass ratios λ n = m 2 n /M 2 W and the dimensionless two-and threepoint one-loop integrals
from the usual tensor integrals [33, 34] ,
Note that C 0 , C 23 , C 24 , C 11 +C 12 and C 21 +C 22 are symmetric under the replacements λ 1 ↔ λ 2 , while C 11 − C 12 and C 21 − C 22 are antisymmetric. The form factors for each type of diagrams ( Fig. 1) are:
• Diagram of type A:
. (18) • Diagram of type B:
• Diagram of type C:
The tensor integrals are numerically evaluated with the computer program LoopTools [35] , based on FF [36] .
Non-trivial checks of our expressions are the finiteness of the amplitude and the test of the decoupling of heavy particles running in the loops, that must take place both in the SM and the MSSM [37] . These conditions are fulfilled only when summing over the different type of diagrams involved thanks to the relations existing among vertex couplings. Note that the ultraviolet-divergent tensor integrals are the same that diverge with a large mass M,
All the other tensor integrals are finite and vanish for large masses. (l X=1,...,6 andν X=1,2,3 ) .
B.1 Charged sleptons
Letl L I andl R I be the superpartners of the charged leptons ℓ L I and ℓ R I , respectively. The 6 × 6 mass matrix of three generations of (charged) sleptons can be written as
where m 
The mass matrix M 2 ℓ can be diagonalized by a 6 × 6 unitary matrix Sl,
The mass eigenstates are then given bỹ
B.2 Sneutrinos
There are only 'left-handed' sneutrinos in the MSSM. Letν L I be the superpartner of the left-handed neutrino ν I . Then the 3 × 3 sneutrino mass matrix contains the same soft SUSYbreaking mass term as the 'left-handed' sleptons and a different D term:
and it is diagonalized by a 3 × 3 unitary matrix Sν,
so that the sneutrino mass eigenstates arẽ
B.3 Slepton matrices in terms of δ mass insertions
Assuming that only two generations (I and J) of charged sleptons mix and they do it maximally (θ = π/4), only the following 4 × 4 symmetric mass matrix, with entries I, J, I + 3, J + 3, is relevant:
We assume that only one of these δ's is different from zero. Then, the 4 × 4 unitary matrix Sl diagonalizing M 2 ℓ and the corresponding eigenvalues are, in each case: 
The insertions δl 
B.4 Charginos
The chargino mass matrix, in the (charged wino, charged Higgsino) basis, is
It can be diagonalized by two unitary matrices U and V,
where
In order to get positive-mass eigenstates, one introduces two orthogonal matrices O ± ,
where σ 3 is the usual Pauli matrix.
B.5 Neutralinos
The neutralino mass matrix, in the basis of the U(1) and SU (2) 
To simplify, we employ the unification constraint
The matrix above can be numerically diagonalized by the unitary matrix N,
) .
B.6 Vertex couplings
Zν † Xν Y :
C The LFV decay ℓ J → ℓ I γ and g − 2
The general amplitude ℓ J → ℓ I γ at one loop reads
In the literature one finds often the notation:
For equal leptons, the anomalous magnetic dipole moment of ℓ is
The width of ℓ J → ℓ I γ is
Since the width Γ(
, one has
where BR(ℓ J → ℓ I ν JνI ) = 1/0.17/0.17 for ℓ J ℓ I = µe/τ e/τ µ, respectively.
The SUSY contributions to the form factors are the following.
• 
These functions are combinations of 3-point tensor integrals, in agreement with [38] : 
Note that the dipole form factors (64-67) are proportional to a fermion mass. The chirality flip takes place in the external fermion lines, for the terms proportional to LL and RR mixings and in the internal fermion lines (charginos or neutralinos), for the terms proportional to the LR mixing.
The branching ratio ℓ J → ℓ I γ reads BR(ℓ J → ℓ I γ) = BR(ℓ J → ℓ I ν JνI ) × 12παα
